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Assignment 2 

 

 

Solution:  

(a) The equivalent lens waveguide for the given setup is:  
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Both the unit cells – (1) Starting at the flat mirror and (2) Starting before the spherical mirror, are 
marked in the sketch 

(b) We first need to assemble the 𝐴𝐵𝐶𝐷 matrix for unit cells.  
For the first unit cell: starting from the flat mirror,  

𝐴𝐵𝐶𝐷1 =

[
 
 
 
 1 −

𝑑
𝑓

𝑑 (2 −
𝑑
𝑓
)

−
1
𝑓

1 −
𝑑
𝑓 ]

 
 
 
 
− − − (1) 

For the first unit cell, using the second order difference equation, 2.10.2, 

𝑟𝐹𝑠 [𝐹2 − 2 (
𝐴 + 𝐷
2

)𝐹 + 1] = 0 

𝐹1 (here 𝐹+) =
𝐴 + 𝐷
2

+ [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
− − − (2) 

𝐹2 (here 𝐹−) =
𝐴 + 𝐷
2

− [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
− − − (3) 

From (1), we know that, 𝐴+𝐷
2
=

(1−𝑑𝑓)+(1−
𝑑
𝑓)

2
= 1 − 𝑑

𝑓
 

We also know from the given diagram that 𝑑
𝑅
= 1.01 → 𝐴+𝐷

2
= 1 − 𝑑

𝑓
= 1 − 2.02 = −1.02  

Putting this value in (2) and (3), we get (b) part 1,  

𝐹+ =
𝐴 + 𝐷
2

+ [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
= −1.02 + [(−1.02)2 − 1]

1
2 = −0.819 − − − −(4) 

𝐹− =
𝐴 + 𝐷
2

− [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
= −1.02 − [(−1.02)2 − 1]

1
2 = −1.221 − − − −(5) 

(b) Part 2 

Using the given solution for unstable cavity, 𝑟𝑠 = 𝑟𝑎(𝐹+)𝑠 + 𝑟𝑏(𝐹−)𝑠 

We have the following equations 2.10.7 and 2.10.8,  

𝑟𝑏 =
1

𝐹+ − 𝐹−
[𝑎(𝐹+ − 𝐴) − 𝐵𝑚] 

𝑟𝑎 =
1

𝐹− − 𝐹+
[𝑎(𝐹− − 𝐴) − 𝐵𝑚] 

where 𝑎 = 𝑟𝑎 + 𝑟𝑏,  

From (4) and (5), we get values of 𝑟𝑎 and 𝑟𝑏, 
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𝑟𝑎 = 𝑟𝑏 = 0.005 

(c) Putting the values of 𝐹+, 𝐹−, 𝑟𝑎, 𝑟𝑏 in to the solution equation, we get,  

𝑟𝑠 = 0.005(−0.819)𝑠 + 0.005(−1.221)𝑠 − − − (6) 

We check at what value of 𝑠, Eq (6) becomes greater than 1, solving in MATLAB, we get, 𝑟𝑠 > 1 
when 𝑠 ≥ 15.  

Therefore the ray misses the flat mirror after 𝑠 = 15 round trips.  

(d) We first need to assemble the 𝐴𝐵𝐶𝐷 matrix for unit cell #2.  
For the second unit cell: starting before the spherical mirror,  

𝐴𝐵𝐶𝐷1 =

[
 
 
 1 −

2𝑑
𝑓

2𝑑

−
1
𝑓

1
]
 
 
 
− − − (7) 

For the second unit cell, using the second order difference equation, 2.10.2, 

𝑟𝐹𝑠 [𝐹2 − 2 (
𝐴 + 𝐷
2

)𝐹 + 1] = 0 

Using equations (2) and (3) for 𝐹+ and 𝐹−, 

From (7), we know that, 𝐴+𝐷
2
=

(1−2𝑑𝑓 )+(1)

2
= 1 − 𝑑

𝑓
 

We also know from the given diagram that 𝑑
𝑅
= 1.01 → 𝐴+𝐷

2
= 1 − 𝑑

𝑓
= 1 − 2.02 = −1.02  

Putting this value in (2) and (3),   

𝐹+ =
𝐴 + 𝐷
2

+ [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
= −1.02 + [(−1.02)2 − 1]

1
2 = −0.819 − − − −(8) 

𝐹− =
𝐴 + 𝐷
2

− [(
𝐴 + 𝐷
2

)
2

− 1]

1
2
= −1.02 − [(−1.02)2 − 1]

1
2 = −1.221 − − − −(9) 

Using the given solution for unstable cavity, 𝑟𝑠 = 𝑟𝑎(𝐹+)𝑠 + 𝑟𝑏(𝐹−)𝑠 

We have the following equations 2.10.7 and 2.10.8,  

𝑟𝑏 =
1

𝐹+ − 𝐹−
[𝑎(𝐹+ − 𝐴) − 𝐵𝑚] 

𝑟𝑎 =
1

𝐹− − 𝐹+
[𝑎(𝐹− − 𝐴) − 𝐵𝑚] 

where 𝑎 = 𝑟𝑎 + 𝑟𝑏,  

From (8) and (9), we get values of 𝑟𝑎 and 𝑟𝑏, 
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𝑟𝑎 = −0.4525; 𝑟𝑏 = 0.5525 

Putting the values of 𝐹+, 𝐹−, 𝑟𝑎, 𝑟𝑏 in to the solution equation, we get, 

𝑟𝑠 = −0.4525(−0.819)𝑠 + 0.5525(−1.221)𝑠 − − − (10) 

We check at what value of 𝑠, Eq (10) becomes greater than 1, solving in MATLAB, we get, 𝑟𝑠 >
1 when 𝑠 = 6. Putting this value in (10) we get the value of 𝑟 where the ray leaves,  
𝑟 = 1.69 𝑐𝑚.  

The ray will leave the cavity at the spherical mirror after 2𝑠 round trips + 1 pass =                      
12 roundtrips+ 1 pass 

(e) We know that the ray started with 1𝜇𝑊 power. Each pass (13 in all) will lead to an amount of 
gain, 𝐺 = 5. Thus, the output power is:  

𝑃𝑜 = 𝑃𝑖 × 𝐺13 = 1𝜇𝑊 × (5)13 = 1.22 𝑘𝑊  

 

 

 

Solution: 

(a) From equation 3.4.2 we have,  

𝜃
2
=
𝑑𝑤
𝑑𝑧

=
𝜆0

𝜋𝑛𝑤0
⇒ 𝑤0 =

2𝜆0
𝜋𝜃

=
2(632.8nm)
𝜋(10−3rad)

= 4.03 × 10−2cm 

(b) From equation 3.4.3 we have, 

P =
1
2𝐸0

2

𝜂0
 (
𝜋𝑤02

2
)  where 𝜂0 = (

𝜇0
𝜖0𝑛

)
1
2
 − wave impedance 

𝐸0 = √
4P𝜂0
𝜋𝑤02

= √
4×5mW×𝜂0

𝜋(4.03 × 10−2cm)2
= 38.5 V/cm 
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(c) Number of photons/second, 𝒩 

𝒩 =
P

𝐸𝑛𝑒𝑟𝑔𝑦
=
P
ℎ𝜈

=
P
ℎ𝑐
𝜆

=
5mW

ℎ𝑐/(632.8nm)
= 1.59 × 1016photons/𝑠 

(d) P=𝒩ℎ𝜈. If there was one more photon,  

𝑑𝑃
𝑑𝒩

= ℎ𝜈 =
ℎ𝑐
𝜆
⇒ Δ𝑃 = 3.14 × 10−19W 

This new Δ𝑃 is very small compared to the previous power specification of 𝑃 = 5mW therefore 
increase in one photon will not lead to a considerable change to the new power specification.  

 

 

 

Solution:  

(a) We have the following data:  𝑤0 = 2mm;  
From equation 3.3.7, we have 

𝑧0 =
𝜋𝑛𝑤02

𝜆0
=
𝜋(1)(2mm)2

488nm
= 25.75m 

Now, using equation 3.3.10, we have 

𝑤2(𝑧) = 𝑤02 [1 + (
𝑧
𝑧0
)
2
] ⇒ 𝑧 = 𝑧0 (√

𝑤2(𝑧)
𝑤02

− 1) = 25.75m√
(4mm)2

2mm2 − 1 = √3(25.75m)

⇒ 𝑧 = 44.6 m 

(b) Diameter of the hole, 𝐷 = 2𝑤(𝑧) ; 0 ≤ 𝑤 ≤ 𝑟 

𝑃(𝑟 < 𝑤)
𝑃𝑡𝑜𝑡𝑎𝑙

=
∫ ∫ 𝐼(𝑟) ∙  𝑟 𝑑𝑟 𝑑𝜙𝑟=𝑤

0
2𝜋
0

∫ ∫ 𝐼(𝑟) ∙  𝑟 𝑑𝑟 𝑑𝜙∞
0

2𝜋
0

=
∫ ∫ 𝐼0 exp (−

2𝑟2
𝑤2 ) ∙  𝑟 𝑑𝑟 𝑑𝜙

𝑤
0

2𝜋
0

∫ ∫ 𝐼0exp (−
2𝑟2
𝑤2 ) ∙  𝑟 𝑑𝑟 𝑑𝜙

∞
0

2𝜋
0

− − − (1) 

Substitute 𝑥 = 2𝑟2

𝑤2 ; 𝑑𝑥 =
4𝑟
𝑤2 𝑑𝑟 in (1) 
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𝑃(𝑟 < 𝑤)
𝑃𝑡𝑜𝑡𝑎𝑙

=
2𝜋𝐼0 (

𝑤2

4 ) ∫ exp (−𝑥)2
0 𝑑𝑥

2𝜋𝐼0 (
𝑤2

4 ) ∫ exp (−𝑥)∞
0 𝑑𝑥

=
∫ exp(−𝑥)2
0 𝑑𝑥

∫ exp(−𝑥)∞
0 𝑑𝑥

= (𝑒−2 − 1)/(𝑒∞ − 1)

= 1 − exp (−2) = 0.865 

(c) 

𝜆0 = 4880𝐴̇ → 𝜈 =
𝑐
𝜆0
= 6.15 × 1014𝐻𝑧 

𝑒𝑉 ℎ𝜈
𝑞0

= ℎ ∙
6.15 × 1014𝐻𝑧
1.6 × 10−19𝐶

= 2.54 𝑒𝑉 

𝑛𝑚 𝜆0 = 4880𝐴̇ = 488𝑛𝑚 
𝜇𝑚 𝜆0 = 4880𝐴̇ = 0.488𝜇𝑚 
𝜈(𝐻𝑧) 𝜈 =

𝑐
𝜆0
= 6.15 × 1014𝐻𝑧 

𝜈̅(𝑐𝑚−1) 𝜈̅(𝑐𝑚−1) =
1
𝜆0
= 20491.8𝑐𝑚−1 

 

(d)  

We know that 𝐸(𝑧)
𝐸(𝑧0)

= 𝑤0
𝑤(𝑧)

 

Using equation 3.4.3,  

P =
1
2𝐸0

2

𝜂0
 (
𝜋𝑤02

2
) ⇒ 10𝑊 =

1
2𝐸0

2

𝜂0
 (
𝜋𝑤02

2
) ⇒ 𝐸(𝑧0) = 346𝑉/𝑐𝑚 

𝐸(𝑧)
346𝑉/𝑐𝑚

=
2𝑚𝑚
1𝑐𝑚

⇒ 𝐸(𝑧) = 69.3 𝑉/𝑐𝑚 
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Solution: 

(a) From the dot diagram of the mode we can see that the number of dots = (𝑚 + 1) and (𝑝 +
1) = (3)(2) → 𝑚 = 2, 𝑝 = 1 

The given mode is TEM2,1 mode.  

(b) The given mode is the TEM2,0 mode.  

Using equation 3.5.2 to get the Hermite polynomial of order 𝑚 = 2, we get 𝐻2(𝑢) = 2𝑢2 − 1 

Setting this equal to 0, 2𝑢2 − 1 = 0 ⇒ 𝑢 = ± 1
√2

 

𝐸 = 𝐸0𝐻2(𝑢) (
𝑤0
𝑤(𝑧)

exp(−
𝑥2 + 𝑦2

𝑤
)) exp(−jϕe) exp(−jϕr) = 0 

𝑢 =
√2𝑥
𝑤(𝑧)

= ±
1
√2

⇒ 𝑥|𝐸=0 =
𝑤(𝑧)
2

⇒ 𝑤(𝑧) = 2mm 
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Solution: 

We know from ABCD law that 

𝑞2 =
𝐴𝑞1 + 𝐵
𝐶𝑞1 + 𝐷

→
1
𝑞2
=
(𝐶 + 𝐷 ( 1𝑞1

))

𝐴 + 𝐵 ( 1𝑞1
)
   − − − (1) 

We are given the reflectivity of the mirror as, Γ2(𝑟) = exp[−(𝑡𝑟)2]. In normal uniform mirror, 
t=0, but here t≠0. Getting the reflection coefficient from the reflectivity, we have 

exp(−(𝑡𝑟)
2

2
)) = Γ 

From the wave equation, ∇𝑡2𝐸 +
𝜕𝐸
𝜕𝑧2

+ 𝜔2

𝑐2
𝐸 = 0, we can figure out the incident and the reflected 

field,  

𝐸𝑖 = 𝐸0 exp (−(
𝑟2

𝑤2)) 

𝐸𝑟 = 𝐸0 exp(
𝑡2

2
−

1
𝑤2) 𝑟

2 

The complex beam parameter can be expressed as its reciprocal in the following form,  

1
𝑞2
=
1
𝑅1
−
𝑗𝜆
𝜋
(
1
𝑤12

+
𝑡2

2
) − − − (2) 

Eq (2) works because the mirror surface is flat which leads to all wave front curvature to be 
consistent. 
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We also know that 1
𝑞1
= 1

𝑅1
− 𝑗𝜆

𝜋𝑤12
  (Verdeyen P.78).  

Thus (2) becomes,  

1
𝑞2
=
1
𝑅1
−
𝑗𝜆
𝜋
(
1
𝑤12

+
𝑡2

2
) =

1
𝑅1
−

𝑗𝜆
𝜋𝑤12

−
𝑗𝜆
𝜋 𝑡

2

2
=
1
𝑞1
−
𝑗𝜆
𝜋 𝑡

2

2
  − − − (3) 

From Eq. (1) we have,  

1
𝑞2
=
𝐶𝑞1 + 𝐷
𝐴𝑞1 + 𝐵

=
(𝐶 + 𝐷 ( 1𝑞1

))

𝐴 + 𝐵 ( 1𝑞1
)

 

Comparing this with Eq(3), we get the elements of the ABCD matrix for the given setup.  

𝐴 = 1 
𝐵 = 0 

𝐶 = −
𝑗𝜆𝑡2

2𝜋
 

𝐷 = 1 

The required transmission ABCD matrix is :  

𝐴𝐵𝐶𝐷 = [
1 0

−
𝑗𝜆𝑡2

2𝜋
1] 
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Solution: 

(a) The equivalent lens waveguide for the given setup: (Let the ray start just before the mirror on 
the top. Solid lines signify where the flat mirror is supposed to be.) 

 

(b) 1.  

The symmetric unit cell is marked on the above sketch 

(b) 2. 

From the sketch it can be seen that as it is symmetric, the beam waist or the position where the 
phase front is planar/𝑅 = ∞ – plane of 𝑧 = 0 is at 5

6
𝑑 from the flat mirror→ 3

2
𝑑 from the lens. 

(b) 3.  

We can define the path of the ray as – (i) distance 𝑑
6
 in air + Flat mirror [ignored] + distance 4𝑑

3
 in 

air, (ii) spherical lens of ′𝑓′, (iii) distance 2𝑑
3

 in air + flat mirror [ignored] + distance 5𝑑
6

 in air. 
Thus the ABCD matrix becomes,  

𝐴𝐵𝐶𝐷 = [1
3𝑑
2

0 1
] ∙ [

1 0

−
1
𝑓

1] ∙ [
1

3𝑑
2

0 1
] =

[
 
 
 1 −

3𝑑
2𝑓

3𝑑
2

−
1
𝑓

1
]
 
 
 
[1

3𝑑
2

0 1
] =

[
 
 
 
 1 −

3𝑑
2𝑓

3𝑑
2
(1 −

3𝑑
2𝑓
)

−
1
𝑓

1 −
3𝑑
2𝑓 ]

 
 
 
 
 

(c) & (d) 

Using the fact that 𝐴𝐷 − 𝐵𝐶 = 1, and equation 5.3.5, we get,  
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1
𝑞(𝑧)

=
𝐴 − 𝐷
2𝐵

−
𝑗 [1 − (𝐴 + 𝐷

2 )
2
]

1
2

𝐵

=
(1 − 3𝑑

2𝑓) − (1 − 3𝑑
2𝑓)

3𝑑 (1 − 3𝑑
2𝑓)

−

𝑗

[
 
 
 
1 − (

(1 − 3𝑑
2𝑓) + (1 − 3𝑑

2𝑓)
2 )

2

]
 
 
 
1
2

3𝑑
2 (1 − 3𝑑

2𝑓)

= 0 − 𝑗

√1 − (1 − 3𝑑
2𝑓)

2

3𝑑
2 (1 − 3𝑑

2𝑓)
= 0 −

𝑗√1 − 𝐴2

𝐵
 

This makes sense only if the cavity is stable.  

𝐴 + 𝐷
2

< 1 ⇒ 𝐴 < 1 ⇒ 1 −
3𝑑
2𝑓

< 1 

Using the definition of stability,  

𝐴𝐷 − 𝐵𝐶 = 1 ⇒ 𝐵𝐶 = −(1 − 𝐴𝐷) = −(1 − 𝐴2)… . [𝑎𝑠 𝐴 = 𝐷] 

Using equation 5.3.7,  

𝜋𝑛𝑤2(𝑧1)
𝜆0

=
𝐵

[1 − (𝐴 + 𝐷
2 )

2
]

1
2
=

𝐵
√1 − 𝐴2

= −
1
𝐶 (1 − 𝐴

2)

√1 − 𝐴2
= 𝑓√1 − (1 −

3𝑑
2𝑓
)
2

= 𝑓√−(
3𝑑
2𝑓
)
2

+
3𝑑
𝑓
= 𝑓√

3𝑑
𝑓
√1 −

3𝑑
4𝑓

= √3𝑑𝑓√1 −
3𝑑
4𝑓

 

Spot size 𝑤 = √− 𝜆
𝜋
(1
𝐶
) √1 − 𝐴2 
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Solution: 

(a) and (b) Cavity in Fig 5.2 when modified to make 𝑅1 = 𝑅2 = 𝑅, we get the following cavity:  

 

Generally,  

𝑅(𝑧) = 𝑧 [1 + (
𝑧0
𝑧
)
2
] 

𝑤2(𝑧) = 𝑤02 [1 + (
𝑧0
𝑧
)
2
] 

𝑧0 =
𝜋𝑛𝑤02

𝜆0
 

Forcing the phase surface to match the curved mirror at 𝑧 = 𝑑
2
, 

𝑅 (
𝑑
2
) = 𝑅 =

𝑑
2
[1 + (

2𝑧0
𝑑
)
2

] =
𝑑
2
[1 +

4𝑧02

𝑑2
] =

𝑑
2
+
2𝑧02

𝑑
 

𝑧0 = √(𝑅 −
𝑑
2
) (
𝑑
2
) = √(

𝑑𝑅
2
) (1 −

𝑑
2𝑅
) =

𝜋𝑤02

𝜆0
 

𝑤02 =
𝜆0𝑧0
𝜋

=
𝜆0
𝜋
√(
𝑑𝑅
2
) (1 −

𝑑
2𝑅
) 

𝑤2(𝑧) =
𝜆0𝑧0
𝜋

[1 + (
𝑧0
𝑧
)
2
] =

𝜆0
𝜋
√(
𝑑𝑅
2
) (1 −

𝑑
2𝑅
) ∙ [1 +

𝑧2

(𝑑𝑅2 ) (1 −
𝑑
2𝑅)

] 

At the mirror,  

𝑤2 (
𝑑
2
) =

𝜆0
𝜋
√(
𝑑𝑅
2
) (1 −

𝑑
2𝑅
) [1 +

𝑑2

(𝑑𝑅2 ) (1 −
𝑑
2𝑅)

] 

Let 𝑥 =
𝑑
2𝑅

 

𝑤2 (
𝑑
2
) =

𝜆0
𝜋
𝑅√𝑥√1 − 𝑥[1 +

𝑅𝑥
1 − 𝑥

] 
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At center,  

𝑤2(0) =
𝜆0
𝜋
𝑧0 =

𝜆0
𝜋
√𝑑𝑅
2
√1 −

𝑑
2𝑅

=
𝜆0
𝜋
𝑅√𝑥√1 − 𝑥 

We know,  

𝑤2(𝑧) = 𝑤02 [1 + (
𝑧0
𝑧
)
2
]                                       𝑧0 =

𝜋𝑛𝑤02

𝜆0
 

𝑤2(𝑧) =
𝑤02

𝑧0
[
𝑧02 + 𝑧2

𝑧0
]                                       

𝑤02

𝑧0
=

𝜆
𝑛𝜋

 

𝑤2(𝑧) =
𝜆0
𝜋
[
𝑧02 + 𝑧2

𝑧0
]                                            𝑧0 =  √

𝑑𝑅
2
√1 −

𝑑
2𝑅
                     

𝑤2(𝑧) =
𝜆0
𝜋
[
 
 
 
 ((𝑑𝑅2 ) (1 −

𝑑
2𝑅) + 𝑧2)

√𝑑𝑅2 √1 − 𝑑
2𝑅 ]

 
 
 
 
 

At 𝑑
2
,  

𝑤2 (
𝑑
2
) =

𝜆0
𝜋 ((

𝑑𝑅
2 ) (1 −

𝑑
2𝑅) +

𝑑2
4 )

√𝑑𝑅2 √1 − 𝑑
2𝑅 

 

Therefore, at either mirror, 𝑅 → ± 𝑑
2
, we have 

𝑤2 (
𝑑
2
) =

𝜆0
𝜋

√𝑑𝑅2

√1 − 𝑑
2𝑅

 

At 𝑧 = 0,  

𝑤2(0) =
𝜆0
𝜋
𝑧0 =

𝜆0
𝜋
√𝑑𝑅
2
√1 −

𝑑
2𝑅

 

Let 𝑥 = 𝑑
2𝑅

, 

𝑤2(0) =
𝜆0𝑅
𝜋 √𝑥√1 − 𝑥                   𝑤2 (

𝑑
2
) =   

𝜆0𝑅
𝜋

√𝑥
√1 − 𝑥
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Plotting these on MATLAB, we have the following sketch, (code and Plot attached) 

 

 

𝑤(𝑧 ≫ 𝑧0) =
𝑤0𝑧
𝑧0

=
𝜆0𝑧
𝜋𝑛𝑤0

 

On the mirror, 𝑧 = 𝑑
2
, spot size is,  

𝑤 =
𝜆𝑑

2𝜋𝑛𝑤0
→ 𝑤 (

𝑑
2
) =

(

 𝜆0
𝜋

√𝑑𝑅2

√1 − 𝑑
2𝑅)

 

1
2

 

(c)  

𝐸02𝑉 = ∫ ∫ ∫ 𝐸(𝑥, 𝑦, 𝑧)𝐸∗(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧
 ∞ 

−∞

∞

−∞

𝑑

0

 

𝐸02𝑉𝑚,𝑝 = 𝐸02 ∫
𝑤02

𝑤2(𝑧)

𝑑

0

∫ ∫ 𝐻𝑚2 (
√2𝑥
𝑤
) exp(−

2𝑥2

𝑤2 ) . 𝐻𝑝
2 (
√2𝑦
𝑤
) exp (−

2𝑦2

𝑤2 )𝑑𝑥 𝑑𝑦 𝑑𝑧
 ∞ 

−∞

∞

−∞

 

𝑉𝑚,𝑝 = ∫
𝑤02

𝑤2(𝑧)

𝑑

0

𝑑𝑧 ∫ 𝐻𝑚2 (𝑢) exp(−𝑢2) 𝑑𝑢 . ∫ 𝐻𝑝2(𝑢) exp(−𝑢2)𝑑𝑢
∞

−∞

 ∞ 

−∞

= ∫
𝑤02

𝑤2(𝑧)

𝑑

0

𝑑𝑧 [2𝑚𝑚! 𝜋
1
2] [2𝑝𝑝! 𝜋

1
2] = 𝜋𝑤02𝑑 𝑚! 𝑝! 2𝑚+𝑝 = 𝐴𝑤02𝑑 

𝑤02 =
𝜆0
𝜋
√𝑑𝑅
2
√1 −

𝑑
2𝑅
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𝑉𝑚,𝑝 = 𝐴′√
𝑑𝑅
2
(√1 −

𝑑
2𝑅
)𝑑 = 𝐴′ [(

𝑑𝑅
2
) (𝑑2) (1 −

𝑑
2𝑅
)]
1
2
= 𝐴′[

𝑅
2𝑑

3−14𝑑
4]
1
2
 

𝐴′ =
𝜆0
𝜋
(
𝜋
2
)𝑚! 𝑝! 2𝑚+𝑝  

𝜕𝑉
𝜕𝑑

=
𝐴′

2
[
𝑅
2
𝑑3 −

1
4
𝑑4]

−12
[
3𝑅
2
𝑑2 − 𝑑3] |𝑑𝑚𝑎𝑥 = 0 

𝑑 =
3𝑅
2
 maximizes the mode volume 

 

 

Solution: 

(a) Re-drawing the given arrangement to show the ray propagation and the unit cell for the 
cavity, we get the following (Let the ray start just after the spherical mirror): 
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Ray path → 1- over a distance ′𝑑′ in air to the plane mirror; 2- plane mirror reflection; 3- over a 
distance ′𝑑′ in air to the spherical mirror 

𝐴𝐵𝐶𝐷 = [
1 0

−
2
𝑅1

1] [
1 2𝑑
0 1 ] = [

1 2𝑑

−
2
𝑅1

1 −
4𝑑
𝑅1
] 

Using the equation for spot size from section 5.3 which uses application of stability conditions to 
the 𝐴𝐵𝐶𝐷 matrix. Setting the 𝑞 parameter at 𝑧1 equal to itself transformed by the ABCD matrix: 

𝜋𝑛𝜔2(𝑧1)
𝜆0

=
𝐵

[1 − (𝐴 + 𝐷
2 )

2
]

1
2
=

2𝑑

[
 
 
 
1 − (

1 + 1 − 4𝑑
𝑅1

2 )

2

]
 
 
 
1
2
=

2𝑑

[1 − (1 − 2𝑑
𝑅1
)
2
]

1
2
 

𝜔(𝑧1) =

√
  
  
  
  
  
 

(
𝜆
𝜋
)

(

  
 2𝑑

[1 − (1 − 2𝑑
𝑅1
)
2
]

1
2

)

  
 
=

√
  
  
  
  
  
 

(
10.6𝜇𝑚

𝜋
)

(

  
 2 × 75𝑐𝑚

[1 − (1 − 2(75𝑐𝑚)
5𝑚 )

2
]

1
2

)

  
 
= 0.266 cm 

(b) To find the photon lifetime and Q, we can use the following equations from section 6.4: 

𝜏𝑝 =
(2𝑛𝑑𝑐 )

1 − Γ12Γ22
=

(2 × 1 × 75cm3 × 108m/s )

1 − (0.982)(0.82)
= 2.31 × 10−8s 

𝑄 = 𝜔𝜏𝑝 =
2𝜋𝑐
𝜆0

𝜏𝑝 =
(2𝜋 × 3 × 108m/s)

10.6𝜇𝑚
(2.31 × 10−8) = 4.12 × 106 

(c) Dot pattern of the TEM2,3 mode:  
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Problem 2.9  
Mathematica Notebook Attached 

Rest of Plots for Problem 2.7 
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