ECE 4300: Lasers and Optoelectronics
Fall 2016, Debdeep Jena and Clif Pollock, Cornell University
Solutions to Assignment 5: By Kevin Lee, Athith Krishna and
Reet Chaudhuri

Problem: 5.1

An Ar-ion laser oscillating on its green A=514.5 nm transition has a total loss
per pass y=4%, an unsaturated peak gain G,=exp(o,N/)=1.3, and a cavity length
L=100 cm. To select a single-longitudinal mode, a tilted and coated quartz
(n,=1.45) Fabry-Perot etalon with a /=2 cm tickness is used inside the resonator.
Assuming for simplicity that one cavity mode is coincident with the peak of the
transition (whose linewidth is Aw=3.5 GHz), calculate the etalon finesse and the
reflectivity of the two etalon faces to ensure single-mode operation.

7.20A Single longitudinal mode selection by an intracavity
etalon.

Assuming for the sake of simplicity that both the cavity length and the etalon
tilting angle are tuned so that one cavity resonance and one transmission peak of
the etalon coincide with the center of the gain line, the net gain per-transit
experienced by the resonant mode is given by G, exp(-)=1.25, where G,=1.3 is

the unsaturated peak gain and »=0.04 are the total losses per-pass, including
output coupling loss and internal losses. If Av=c/2L=150 MHz is the frequency
separation between adjacent longitudinal modes of the laser cavity, single
longitudinal mode operation is ensured provided that all off-resonance
longitudinal modes experience a loss larger than the gain, i.e.:

exp(~y)G,& (mAv)T(mAv) <1 (1)

for any mode m=+1+243,... . In Eq.(l), g (V=exp[-In2(vVAw)’] is the
Gaussian curve of the Doppler-broadened gain transition, Avy=3.5 GHz is the
FWHM of the curve, and 7(v) is the transmission function of the intracavity
etalon. 7(v) is given by [see Eq.(4.5.6) of PL]:

(1-R)’
(1-R)* + 4Rsin’[w:|
c

T(v)= (0))



where R is the reflectivity of the two etalon faces and /’=nJcos@=nJ=2.9 cm for
a small tilting angle €. Notice that the free-spectral-range of the etalon, given by
Avg,=c/2I’=5.17 GHz, is much larger than the cavity axial mode separation Av
and comparable to the width of the gain curve. For longitudinal modes that fall
under the first lateral peaks of the etalon transmission function, it is
straightforward to show that Eq.(1) is satisfied since Gyexp(-)g*(Avs)=0.27<1.
Thus in order to ensure single longitudinal mode operation it is sufficient that
Eq.(1) be satisfied in correspondence of the two longitudinal cavity modes
adjacent the resonant mode, i.e. for m=+%1. This condition yields:

! z =038
G,exp(-7)g (Av)

which, with the help of Eq.(2), can be written as:

(1-R)? <0.B[(I-R)’ +4Rsin’[n AAV" ]] 4)
Jor

Since &=sin’(nAV/Av;,)=8.3x107 is a small quantity, the inequality (4) can be
easily solved with respect to (1-R), yielding at leading order 1-R< 4£"7, i.e.
R>64%. A more accurate estimation of R, obtained by an iterative procedure,
yields R>70%. The minimum finesse of the etalon is thus given by:

T(Av) < 3)

F= =0.87 (5)




Problem 5.2 (Verdeyen Problem # 8.32)

(a) and (b)

First we can calculate the loss in the system, a.

Without pumping (y, = 0), the transmission is 0.85.
T =0.85=e %

-1
a = l—ln(0.85) =3.25x10"*cm™?
g

For small signal gain, it means the optical intensity is much smaller than the

saturation intensity.

I <L I
In this case, we can use (8.3.18).
I
G, = ;’—”f = eld@~® = 62807 = 7.98dB
in

(c)
For a unity gain amplifier, it means that [;, = I,,;. In this case, the derivative of the

intensity along z-axis is zero.

dI_0
dz
Yo
—a=0
1+1/1
I
Yo_ . 1
a I

_ (Yo _ _ 2
I= (a 1) I, = 180.923W/cm
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Problem 5.3 (An Optical Amplifier)

Verdeyen Problem # 9.6.

9.6. Anoptical amplifier of lengthl, = 10 cm uses ahomogeneously broadened transition
centered at &y, = 760 nm, with a stimulated emission cross section of 2 x 10~ ¢m?,
an upper-state lifetime of 1.54 ms, and a negligible lower-state lifetime. There is some
residual loss of @ = 0.01 cm™!, which is independent of intensity whereas the gain
coefficient saturates according to the homogeneous law.

(a) Find the inversion necessary to obtain a net small-signal amplification of 6 dB.

(b) What is the value of the saturation intensity (in W/cm?)?

(¢) At what value of the input intensity will the net gain of this amplifier be 3 dB
(1.e., Ion/Iin = 20

Solution:

(a) Given

Go=6dB =4 =exp ((yo — a)lg)

Taking natural log on both sides,
1.386 1.386

—a= —0.01 “1=0.14 -1
] a Toem 0.01cm 0.1486 cm

(Yo —a)l; = 1386 =y, =
g

We know,

92 Yo  0.1486cm™1 PP
Yo = 0 (N, _ZNl) = AN = T X100z — 743 X 10°cm

inversion=AN

(b)
hv hc kw
I, = = — =|8.50—
0t, 760nm X2 X 1072%m? x 1.54 ms cm?
(c) Using homogenous law,
1) (dl) Yol
()(5)=LF-e --
1/\dz/ 4 +IL
S
Let, x = IL then (1) can be re-written in terms x as,
Yo Yo
P ) P (O )
== (—a) = (—ax) ——(2)

dz 1 X
To solve (2), we use method of separation of variables, then partial fractions, rewrite (2) as,
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1 1+x
dz=d dz =
U@l T (@) - 1)
—adz=|—+ a dx ———(3)

1

. . Y
LetXl = _@—_1, X2 = _Xl,and)(:;()_l = 1.386
Integrating (3) with the limits,
lg X2 X2
J‘d _ j‘ dx fdx
(Yo —a) z= X —x x
X1 X1
X2 —X X2
v0-on = n22 -l -
(ro =l =In| 2| ~In| = @

Given 24 — 2 therefore,

mn

I I
x2=2x1=1—2=2(—1)
N

Taking exponential on both sides of (4),

2X, —
exp[—(yo — Dy = 0.5[ ! X] = 0.25 = x; = 4.62
X1— X
b1 302
*1 I 1 cm?




Problem 5.4 (Verdeyen Problem # 9.17)
(a)

N, + N, + N; = N = 1.58 X 10%atoms /cm?

2 1, =3ms

A = 4500A

Since there is no population in state 3, its lifetime is zero.

Nl + Nz = N
To calculate the required power, we need to know the energy from state 1 to 3.
hc

Egsi = = 4417 x 107

This is the energy required for pumping one electron from state 1 to 3.

N, = 10¥%¢m™3
For a steady state condition, the population of state 2 should be the product of
pumping rate and lifetime of state 2.

N, = R3; X1,

R3; = 3.33 x 10?57 1¢m™3
V(Gain medium volume) = 1cm? x 15cm = 15cm3
Power = R3y X Eg 31 X V = 22086W
(b)
Spontaneous emission power can be easily calculated by following equation.
Spontaneous emission power = 1;]—22 X hvyy XV
hv,,: Photon energy from state 2 to 1



Because this problem doesn’t specify the transition wavelength from state 2 to 1. |
am going to use the emission wavelength specified on page 293, which is 6943A.
Put in all numbers into the equation.

Spontaneous emission power = 14315.1W
(c)
To calculate the maximum output power, we can utilize (9.4.13a).
hvN,(max)

P(max) = Nept T

P
First, let’s look for passive photon lifetime.

From (9.4.2c), we have the photon lifetime.
_ TRT
P 1-5
21 2(d -1,
TRT = ¢ <+ - !
/ng

T

= 2.1nsec

TRT

p = 1——R1RZ = 6.3nsec

T

According to the 2" equation in page 291, we can calculate the coupling efficiency.

T, 0.3

Mept = T 5 = 1-095x 07 00722

n,—n n n;
N, (max) = thh _ %hln(n_l)
th

From (9.4.16a), we can calculate the initial atoms.
n; = [Ny; — Ny;lAl, = [101° — 0.58 x 10'9] x 15 x 1 = 6.3 x 10'°atoms

To achieve threshold condition, we need to overcome the internal loss.

1
Yth = Tln( ) =0(Ny; — Ny
g

R{R;

1
(NZ - Nl)th = —ln( ) = 1.07 X 10186771_3

2lgo \RyR,
nen = (N — Np)pAly = 1.6 x 10*%atoms
N,(max) = 1.25 x 10'°atoms
P(max) = 509.989MW
(d)
From (9.4.16c), we can calculate the output pulse energy.
n;hv
Wour = NxtnNept T
Extraction efficiency can only be solved analytically from (9.4.14).
n; 63X 10%°

== —309375
ng, 1.6 x 101



From FIGURE 9.13, extraction efficiency is around 0.98.
Woue = 79121 Joul
(e)
At ~ Wout _ 7.9121]
Py(max) 509.989MW
From FIGURE 9.14, the approximate linewidth is 2.5.
At = 2.5 X 1, = 15.75nsec

= 15.51nsec

(f)

Peak Power
1.2x109
1.0x109 |
8.0x108 |

6.0x108 |

4.0x108 -

2.0x108

0.2 0.4 0.6 0.8 1.0

T2
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Problem 5.5 (A Q-switched YAG Laser)

Verdeyen Problem # 10.25.

10.25. The YAG laser shown below is pumped to three times threshold before the electro-
optic shutter is opened for Q switching. Assume (1) the characteristics of the YAG

rod are those specified in Tables 10.2 and 10.3 but ignore the scattering loss, (2) the
transmission at all air-device interfaces is 0.99, (3) the index of refraction of the
electro-optic switch is 2.3, (4) lasing at 1.0615 pum (where there is no significant
overlap with any other transition), (5) the populations in the “F;,, states are always
distributed according to the Boltzmann relation with kT = 208 em ™', even within
the Q-switched pulse.

R, =0.95 R, =08,T:=02
-—5¢m—e= -—— [0cm———= A

<

YAG

NN
l
ARRRRRARNNNAN

A=065cm?

- 30 cm

(a) Evaluatethe following parameters to be used in the calculation: photon lifetime
ssive cavity in ns, Ay, coefficient for the transition in sec” !, stimulated

emission cro ion in cm?, initial density of atoms i 77 manifold in

cm™?, and final density of a in 4Fy, 1 incm™?,
(b) Compute the peak power in—watts, the ene in_joules, and determine the

pulse wi ing the theory of Sec. 9.4.
e theory of Sec. 9.4 is not quite applicable to this problem since the lifetime
of the lower state is only 30 ns and the time scale for the establishment of a
Boltzmann factor among the levels of the ¥, ,» manifold is even shorter. Redo
the calculations of (a) assuming that Ny = 0, which is a bit different from the
analysis of Sec. 9.4.

(c)

Solution:
(€))
- [% (n1(15cm) + n,(5cm) + n3(106m))]
T s [1— R,R,T?]
[% - ({13(15em) + {2.3)(5em) + {1.816}(10cm))] D

- [1—(0.95 0.8 (0.99)%)] =9.97x 107"
= 9.97 ng

At threshold,
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L MO S ! = 1.78 x 10~2cm™!
Yen =51, "S T 21, RyR,T®  2(10)  0.95-0.8-(0.99)8 cm

Using values from the table,

y Branching Ratio 0.0799 133 51
= = =i . S
217 Fluoroscent lifetime of *F3  255us
2
Ay A% 2 313.3s571(1%) 2
= = =2.51 x 107 ¥cm?
7= 8nn? (nAv) 8mn? (n(108 x 109Hz)) cm

It is given that the transition between the levels is from 11,423 cm™! to 2002 cm ™1,

It is also given that, n"—;l =3

Initially,
N, E, — E;
N, <_ % )
N; E; — E;
]

[N]jower = 7.09 x 106cm 3
[Nlupper = 4.73 x 10%6cm =3
Using Eq. 9.4.14,
[N];n = 3.53 x 107 ¢m™3
From this, we get n;,, n;
Ny = 7.67 X 1017 #
n; = 3ng, = 2.3 x 1018 #
niony _

As we know :—‘ = 3, we can use Fig 9.13 in Verdeyen to get the 1, = — = 0.941
th i

T, 0.2 B 0.2 0,669
Mepl = 1T S T 1—R,R,T®  1-095-08-(0.99)
[N finai = 2.1 x 10%*¢cm™3
(b)
From part (a), we Know 1.,; and 7.y,
n;hv 2.3 x 108 hv
W = Nxtnlept (T) = (0.941)(0.669) —— = 0.1353 ]

e
10
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Using Eq. 9.4.13a

hv hvn, —ng M n;
= 22 (0) = 2 ()2

Ntn

hv [2.3 x 108 — 7.67 x 107 7.67 x 107

= 0.669 - — — In(3)
Ty | 2 2

= 4.33 x 10°W

From Fig 9.14, and :—‘ = 3, we can calculate the pulse width
th
At1
FWHM = T—Z =55-23=32>At1 = (3.2)t, 5§319ns
P 2

We can compare this to the result obtained from Eq. 9.4.17,

W 0.1353]
Pnax 433 x10W

At

1
2

31.2 ns

Problem 5.6 (Saturable Absorber)
Verdeyen Problem # 9.23.

9.23. This problem predicts the results of an experiment in which we irradiate an absorption
cell with an optical pulse approximated by

I(t) = Isin? (H-?r) (T = 2ns)

The optical frequency is tuned to the center of the transition, which has an absorp-
tion cross section of 10~'* em?. The “small”-signal transmission through the celi is
—30 dB. Graph the output intensity as a function of time for three values of energy con-
tained in the pulse (a) w = 2 uJ/em?, (b)w = 20 uJ/em?, and (c) w = 200 uJ/em?,
(Ao = 5889 A).

Solution:
Given, 1, = 5889 nmand o = 10714
Using eg. 9.6.3b,

w —h—v—£—1686X10_6L
ST 20 20 cm?

Gy = —30dB =103
Using Eq 9.6. _ (on P.315),

11



Problem 5.6 (Verdeyen Problem # 9.23)
To calculate the output intensity, we should use (9.6.11).
et1(®)
L) =L(®) 1+ Go[em® — 1]
The small signal gain is already specified -30dB.
Gy =103
Now we have to look for the pulse energy normalized by the characteristic saturation

energy.
u (t) = wt)
wS
t
w(t) = jll(t)dt
hv
wy=—= 3.375 x 1073 /cm? = 33.75u] /cm?
w Tt w 2mt
L(t) = ?sm <T) T —[1 - cos(—)]
t
2mt t 1 2mt
w©) = [ hod =3[ Tsin ()] = 5 - 5 ()

—00

Plug in all the functions into the equation of output intensity.
Output Intensity (Wﬁcmzj

400 |
300¢ — w=2pllcm?
2
2001 w=20ud/cm
w=200uJ/cm?
100
L 1 L ] s)
5.x10~10 1.%x1079 1.5%10~9 2.x10‘§



Problem 5.7 (Verdeyen Problem # 9.27)
(a)

The power spectrum is given in the problem.

n=oo

n
P(w) = P, z sech? (A(Z)C

n=—oo

) 8(w — [wo + naw])

To calculate the average power, we need to find instantaneous power. And it can be
related to electric field.
e(w) X e(a))*A

AT

And we can do an inverse Fourier transform to find the time-domain function of the

e(t) = / Moo eJ@ot Z sech(—)e’"“’ct
n=—oo

Now | have to evaluate that big summation. As shown in p.301, we can approximate

P(w) = I(0) X A =

electric field.

this summation with integral.

Let
nw, = x
dx/wc =1
+00
. 1 (® x .
Z Jnwct ~—f sech(—)e’/*t dx
WeJ_o Aw
n=—oo

Since the sech function is an even function, we can further simplify the integral.
(o]

i sech(—)ef’“dx = —f sech( ) (cos(xt) +]SLn(xt))dx

C -

_2( h () cos(xt)d
= o i sec v cos(xt)dx

Solve this integral by Mathematica.

[ee)

sech( ad Yel*tdx = 2 X ! TAw X sech(
We J_o Aw w2

nAwt)

TAw mTAwt
5 sec ( )

h
W, 2

2noPy . . mAw TAwt
e(t) = Mo 0 gjwot sec ( )
A W,
TAw\> TAwt
p(©) = Py (—=) sech?(=)

Cc

Finally, we can calculate the average power.



Power within one period
Average Power =

period
The period can be easily calculated through rough trip time.
21
TrRT = —
c
“ p(t)dt
(py = =POU
TrT

(b)

From the above equation, we have the peak power when sech equals to 1.
2

TAw
) = 9869.6W

Ppeak:PO(

c
(c)

It’s obvious that the lineshape is determined by the sech function. So FWHM is just
the sech function equals to half.

<o Z(HAa)t) _ 1
2 2

b TAwt _ 1
Sec( 2 )_ﬁ

Solve it by numerical method. We get

t1 =893 x 10715
2

FWHM = 2t1 = 0.1786nsec
2



Problem 5.8 (Verdeyen Problem # 9.31)
(a)

This problem is similar to Verdeyen Problem # 9.6c¢.

df_ Yo
E_{1+f_a}f
U _ro-a4p)
dz 1+f
1+f if = d
fro—a@+m) =%
_+f e 4
Yo—a(l+f) f (o—a)—af
= 1
Yo—«&
Yo
d_(Vo—a)

1 Yo _
7 Gomarag) ¥ = o~ i

f[f G Y = oy

f2 Yo (Yo—a) —af; _
n (fl) i <(V0 —a) - af1> = (o=l

So the problem is asking for extractable power, meaning the additional power we get
from the amplifier. Let’s assume f, = f; + f,.

The above equation should be rewritten.
n <1+fe> @1 ((yo—a) f) — (- )l
fi Yo—a) —af; g
And we use an approximation for In(1 + x)~x. Since we’re considering the
maximum extractable power, it’s reasonable to assume the f; is a large number,
meaning the approximation is valid.

e A = DR
%Jr%moiafz_%yooiafl:%Jr%moia(fler_%Vo_“fl
L - a
%+%yo"iaﬁ~yoyjafe=(yo—a)lg



(b)
Now we have to apply it into a ring laser.
First, we defined a few parameters according to the problem.
Iin = Ven — Oy
Jo = (yO - a)lg
a
S =
Yo—«&
From (9.2.4), input and output intensities can be related.
fi=5f

S = surviving factor

In order to reach threshold condition, we have one more relation.
S xedth =1

gor =1 3) = ~In(S)

fi=Sf = e 9nf,

Plug in all the parameters into following equation we solved in the previous problem.
In (E) o (O/O — )~ afz) = (Yo — @)
fi a (Yo —a) —af ° g

£y S§+1 1-8f
ln<E)+ IG5 = (o~ @y

§+1  1—68e9unf,
gen +—5—In( 1=sf, ) 90
1— e 9hf,

n( 1- 67, >=5+1(g°_g”‘)
1—gde 9hf,
1-6f,

9
= 5190 9tn)

9
1 — e5+190=Ftn)

f2=

5
5(e=9th — em@’o_gth))
Output can be calculated from (9.2.6).

)
1 — e5+190Gen)

Lout = Ty Tolsf2 = TpTols 5
§(e~9th — em(go—gth))



Now if § « 1, it means the factor power of exp is very small. We can make the
following approximation.
e*=1l+xifxK1
o)
1-1-577(90 — gen) 1 (go— gen)

~ TyT,l

Loyt = TpT>ls SE+1(1—e-9m)

)
6(e79th — 1 = 5=—=(go — gen))

Yo—a (o — Gen)
Yo (1—e 9th)

= Tp T2l



Problem 5.9 (Verdeyen Problem # 9.36)
(a)

c
or i 200MHz
c
d= X 200MHz 0.75m
(b)
2d

T = — = 5nsec
c

(c)

E(t) X E(t)"
219

Let’s first try to find the analytical form of electric field.

oo . Tla)c jnw t
E(E) = B efont Sm[_Aw Je/"@e
- =0 nw,

- Aw

I(t) =

Now we’re using the same trick to replace the summation with integral.

nw, X
jnwct o Qinl[-=—
sin e sin
[Aw ] _ [Aw] ot dx
Nnw, = X
RWc e W,
- Aw

By observation, the original time domain should be a square pulse function, because

the Fourier transform of square pulse function is sinc function.

W, ] el*tdx]

_1j-°° Sm[Aw] , _1A_w ij-w 2 si

, sin |56

Jjx e

T erax=2nec —rn ) 1 L
Aw Aw

Aw Aw
= Zﬂa)c_l 7 X rect(T t)

t<Awt>—1 t < !
rec > =1 for|t] Ao

t(Awt>—0 [t] > !
rec > =0 for v

2
0

10 = E—nZ(—) 2(rect (e )?
210

Now plot it with Mathematica.



W/cm2

30000 F
60000 -
40000 +

20000 -

~15x10"12 1, x10-10_5,x 10-11 5.x10~11 1.x10-10 1.5x1o—§0

This pulse should repeat for a period of 5nsec.
Imax = 81868W /cm?
(c)
This is a simple question. The output pulse energy should be the product of the

transmission function and the pulse itself.

g~

Tt
Output energy 1 = L, 4y f_ cos? (?) dt

[N

>

w

. . 2
If there is no shutter, meaning Output power 0 = I, ™

Output power 0 — Output energy 1
Loss = putp P gy = 0.000133
Output power 0
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