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From Landau & Lifshitz’'s book on Quantum Mechanics

;{\\\,
&
_——

ProBLEM 2. Determine the energy levels for the potential well shown in Fig. 2 (p. 66).
SoLuTioN. The spectrum of energy values £ < Uy, which we shall consider, is discrete.
In the region ¥ < 0 the wave function is

¢ = c,ev?, where «; = [(2m/k*)(U,—E)},

U(x)

a x
Fic. 2

while in the region x > a
§ = cuees, where «, = V[(2mlF)Up—E)).
Inside the well (0 < x < a) we look for ¥ in the form
¢ = csin(kx+48), where k=+'(2mE} ).
The condition of the continuity of ¢f{ at the edges of the well gives the equations
heotd = xy = 1/[(2m KU, — k), k cotlka+8) = — i = —1[(2m h)Up— A2,
or
sin & = kh 1/(2mU,), sin(ka+-8) = — ki {/(2mUy).
Eliminating 8, we obtain the transcendental equation

ka = nn—sin~}[kh/\/(2mU,))—sin-3[kh, /(2mU,)] m

(where n = 1, 2, 3, ..., and the values of the inverse sine are taken between 0 and $), whose
roots determine the energy levels E = 2*h*/2m. For each n there is in general one root;
the values of n number the levels in order of increasing energy.

Since the argument of the inverse sire cannot exceed unity, it is clear that the values of &
can lie only in the range from 0 to +/(2mU,/#2). The left-hand side of equation (1) increases
monotonically with k, and the right-hand side decreases monotonically. Flence it is neces-
sary, for a root of equation (1) to exist, that for 2 = +/(2mU,/k?®) the right-hand side should
be less than the left-hand side. In particular, the inequality

a\'@mU,)h > fn—sin?\ (U, Uy), ¥

which is obtained for n = 1, is the condition that at least one energy level exists in the well.
We see that for given and unequal U,, U, there are always widths a of the well which are so
small that there is no discrete energy level. For Uy = U, the condition (2) is evidently always
satisfied.

For U; = U, = U, (a symmetrical well), equation (1) reduces to

sin~1[hk \/(2mUyg)) = d(nn—ka). 3
Introducing the variable ¢ = $ka, we obtain for odd = the equation
cos § = yf, where ~ = (ha)y'(2mU,), 4)

and those roots of this equation must be taken for which tan ¢ > 0. For even n we obtain
the equation
sin § == +v§, ()
and we must take those roots for which tan £ < 0. The roots of these two equations deter-
mine the energy levels E = 2£252 ma?. The number of levels is finite when y # 0.
In particular, for a shallow well in which Uo <€ #%/ma®, we have y > 1 and equation )

has no root. Equation (4) has one root (with the upper sign on the right-hand side),
¢ = 1'y=1/2y8. Thus the well contains only cne energy level,

Ey = Up—(ma¥2h?)U¢?,
which is near the top of the well.
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Figure 1: Graphical solution for the quantum well outlined in problem 2.4, showing the existence of
two bound states and the robustness of the design to handle small changes in the parameters.



