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A scattering mechanism stemming from the Stark-shift of energy levels by electric fields due to
interface roughness in semiconductor quantum wells is identified. This scattering mechanism feeds
off interface roughness and electric fields and modifies the well known “sixth-power” law of
electron mobility degradation. This work first treats Stark-effect scattering in rough quantum wells
as a perturbation for small electric fields and then directly absorbs it into the Hamiltonian for large
fields. The major result is the existence of a window of quantum well widths for which the
combined roughness scattering is minimum. Carrier scattering and mobility degradation in wide
quantum wells are thus expected to be equally severe as in narrow wells due to Stark-effect
scattering in electric fields.VC 2011 American Institute of Physics. [doi:10.1063/1.3607485]

High-mobility 2-dimensional electron gases (2DEGs)
have proven invaluable for fundamental discoveries in con-
densed matter physics such as the quantum Hall effect, quan-
tized conductance, and ballistic transport among many
others,1,2 and thus continuous improvement in the mobilities
and mean free paths of carriers are highly desirable. For
high-speed and low-power field-effect transistors (FETs), a
high degree of vertical scaling is essential to support lateral
(gate length) scaling, requiring one to move towards highly
confined 2DEGs in ultrathin quantum wells such as in sili-
con-on-insulator (SOI) and III-V quantum well (QW) FETs
(Refs. 3 and 4) to avoid short-channel effects. Thus, interface
roughness scattering assumes increasing importance in high-
performance transistors. In their seminal work in 1987
Sakaki et al. identified the importance of interface roughness
scattering on electron transport in 2DEGs confined in narrow
quantum wells.5 They showed that in the presence of quan-
tum well width (Lw) variations in the 2-dimensional (2D)
plane, the electron mobility (l) limited by interface rough-
ness (IR) scattering degrades in thin wells as the sixth power
of the well-width (lIR ! Lw

6).
Sakaki et al. assumed a QW with no electric field.5 In

typical QW FETs, the electric field indeed goes to zero when
the carriers are depleted (when the device is in the “off”
state) and increases to high values in the “on” state of the de-
vice. For high-performance devices, a high 2DEG density is
essential for boosting the drive current–which results in high
electric fields in the QW. In this work, we show that the elec-
tric field in the QW leads to an enhanced quantum-confined
“Stark-effect” scattering that feeds off interface roughness
and degrades electron mobility in rough quantum wells. We
first evaluate the effect of Stark-effect scattering in a QW in
cases where the potential fluctuation due to the electric field
is small enough to be treated as a perturbation. Then, we dis-
cuss situations where the field is so large that a perturbative
treatment does not do justice, and a modified treatment that
treats IR þ Stark-effect scattering on equal footing captures
the role of this mobility degradation mechanism. We note that
this form of scattering is incorporated in recent numerical

approaches (see Ref. 6), therefore the purpose of this work is
to offer an analytical framework for clear visualization of the
physics and for ease of design.

The central problem is illustrated in Fig. 1. Following
Ref. 5, the QW is visualized to be of width Lw(r)¼ Lw
þ D(r), where r¼ (x,y) is the in-plane coordinate and D(r)
is the fluctuation function with a correlation hD(r)D(r
þ r0)ir¼D2exp[$(r0/L)2] and mean hD(r)ir¼ 0. The QW
width fluctuation is parametrized by the height D and the in-
plane correlation length L as shown in Fig. 1. Assuming an
infinite quantum well, the ground-state (n¼ 1) energy at zero
vertical field (Fw¼ 0) is E1(Fw¼ 0)¼ p2!h2/2m*Lw

2, where
!h¼ h/2p is the reduced Planck’s constant and m* is the elec-
tron effective mass. Variations in the QW width by D(r)
changes the ground state energy by

dE1ðr;Fw ¼ 0Þ ¼ @E1ð0Þ
@Lw

DðrÞ ¼ $ !h2p2

m'L3w
DðrÞ; (1)

which was the premise of Ref. 5, leading to a !Lw
6 mobility

variation. In the presence of an electric field in the well, the
ground state energy shifts. This quantum-confined Stark-

FIG. 1. Schematic figure illustrating interface roughness. (a) and (b) are
square QWs without and with an electric field respectively and (c) is the
case of a triangular QW at a high field. Dashed lines indicate wider wells
and corresponding eigenvalue fluctuations. Interface roughness parameters
D and L are illustrated.a)Electronic mail: rjana1@nd.edu.
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effect shift manifests in spectral shifts in optical transitions
but has not yet been related to transport properties. The
energy shift of the ground (n¼ 1) state for constant electric
field7 is obtained using 2nd-order perturbation by summing
the contributions due to interactions with states n¼ 2,3,., and
is given by E1(Fw)¼E1(Fw¼ 0) $ 24(2/3p)6e2m*Lw

4 Fw
2 /!h2

(Ref. 8), where e is the electron charge. Including the Stark-
shift results in an increased scattering potential

dE1ðr;FwÞ ¼ $
!
!h2p2

m'L3w
þ 96

"
2

3p

#
6 e

2m'L3wF
2
w

!h2

$
DðrÞ; (2)

where the dependence on the electric field appears explicitly.
The scattering potential thus takes the form WðrÞ ¼ dE1

ðr;FwÞ ¼ FDðrÞ, where F ¼ A=ðm'L3wÞ þ B ( m'L3wF
2
w is an

effective force and A,B are constants. In the presence of an
electric field, the Stark-effect scattering potential increases
with QW width as Lw

3 , which can be understood from Fig.
1(b) since there is a larger potential drop due to roughness.
The net scattering potential in Eq. (2) thus goes through a
minimum for a critical Lw

0(Fw) !14/(m*Fw)
1/3 nm, where m*

and Fw are normalized to the free electron mass m0 and 10
kV/cm, respectively, for numerical evaluation. The mobility
limited by combined IR þ Stark-effect scattering is expected
to be a maximum for this QW thickness. We further note
that since the zero-field “Sakaki” term depends on effective
mass as !1/m* and the “Stark” term as !m*, the Stark term
will dominate for hole gases.

Electron mobility is calculated using Fermi’s golden
rule in the Born-approximation, which requires the squared
2D Fourier-transform of the scattering potential W(r). For
scattering from state jki ! jk0i, it evaluates to jWðqÞj2
¼ pF2D2L2exp½$ðqLÞ2=4*, with q¼ jk 2 k0j¼ 2jkjsin(h/2),
where h is the angle between the 2D wavevectors k and k0.
The momentum relaxation rate in the relaxation-time
approximation of the Boltzmann transport equation is then

1

smðkÞ
¼ 2p

!h

ð
d2k0

ð2pÞ2

&&&&
WðqÞ
!2DðqÞ

&&&&
2ð1$ coshÞdðEk0 $ EkÞ; (3)

where !2D(q)¼ 1 þ qTF/q is the 2D screening function,
qTF¼m*e2/2p!h2!s is the Thomas-Fermi wave vector, and
!s¼ !0!r is the dielectric constant of the semiconductor.9

Moving to radial coordinates and using the property of the
delta function, the integral converts to one over scattering
angles

1

smðkÞ
¼ m'F2D2L2

2!h3

ð2p

0

dh
e$k2L2sin2h2

!22Dð2k sin h
2Þ
ð1$ coshÞ: (4)

For typically degenerate 2DEG carriers, transport occurs at
the Fermi level, and averaging the momentum relaxation rate
over the carrier distribution amounts to evaluating it at the
Fermi wavevector determined by the 2DEG carrier density
jkj ¼ kF ¼

ffiffiffiffiffiffiffiffiffi
2pns

p
. The net electron mobility is then obtained

as lIR¼ esm(kF)/m*. Using the same example as in Ref. 5, we
choose 2DEGs in GaAs QWs (with m*¼ 0.067m0, D¼ 2.83A,
!r¼ 12.9) to illustrate the effect of Stark-effect scattering. The
results are shown in Fig. 2.

Fig. 2(a) shows the net interface roughness scattering
rate as a function of the QW width for various strengths of
the electric field in the QW. For Fw¼ 0, the result essentially
is the same as the result of Sakaki et al.,5 showing a mono-
tonic increase as l ! Lw

6 , and Stark-effect scattering is
absent. Turning on Fw causes the mobility to peak at Lw

0 (Fw)
and then drop with increasing Lw as l ! Lw

$6. In this regime,
the Stark-effect scattering dominates. This behavior is
explained by the two competing terms in Eq. (2) as a func-
tion of Lw. The QW width at which the maximum mobility is
reached decreases with increasing Fw. Fig. 2(b) shows the
effect of the correlation-length of fluctuations at various val-
ues of Fw. The mobility is lowest when the Fermi wave-
length is of the order of the correlation length (kFL ! p/2)
but is lowered by Stark-effect scattering at all correlation
lengths. In Fig. 2(c), the mobility is plotted against the field
Fw for three different QW widths for fixed ns and interface
roughness parameters. It shows that wider QWs suffer more
severely from Stark-effect scattering. Thus, making QWs
wider to reduce interface roughness scattering is not without
penalties, especially if Fw is large.

However, for very large fields and for wide QWs, the
net scattering potential in Eq. (2) may become of the order
of intersubband energies (E2 $ E1¼ 3p2!h2/2m*Lw

2) or other
1st-order energies of the “unperturbed” QW Hamiltonian in
the scattering problem. In such situations, it no longer suffi-
ces to treat the Stark-effect term as a perturbation and is

FIG. 2. (a) Mobility as a function of well width Lw for various electric fields Fw. Dashed line indicates a decreasing peak mobility with increasing applied elec-
tric field. (b) Mobility with correlation length L for various electric fields. (c) Mobility vs. electric field for various QW thicknesses.
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more prudent to absorb the field F directly into the unper-
turbed Hamiltonian. To do so, we assume the unperturbed
Hamiltonian of the form H0¼$!h2@2/@z2 þ eFz, which
yields eigenvalues En¼ (!h2/2m*)1/3(3peF/2)2/3(n þ 3/4)2/3

for the nth eigenstate, with corresponding eigenfunctions as
Airy functions wn(z)¼Ai[(2m*/!h2)(eFz $ En)].

1 As shown
in Refs. 1 and 9, the Airy-eigenfunction can be closely
approximated by the Fang-Howard variational function w1ðzÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb3=2Þ

p
ze$bz=2 for the ground state, where b¼ (33m*

e2ns/8!h
2!s)

1/3 is the variational parameter of inverse length
unit. We note that whereas the Airy function assumes a con-
stant electric field, the Fang-Howard wavefunction leads to a
variable electric field which peaks at the heterojunction; this
is indeed required by electrostatics. This peak field is given
simply by Gauss’s law: Fp ¼ ðe=!sÞ (

Ð1
0 nsjwðzÞj2dz ¼ ens=

!s. The rough interface is located precisely where the field
peaks, and the scattering potential is then given by W(r)
¼$eFpD(r).

Using the 2DEG envelope function hrjki ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb3=2Þ

p

ze$bz=2*eik(r, the scattering matrix element hkjW(r)jk
0
i leads

to jW(q)j2¼ (eFp)
2jD(q)j2. We note the similarity with the

Stark-effect scattering result for the square quantum well
derived earlier, but with eFp serving as the effective force F.
Thus, the calculation of scattering rate and mobility for this
case is done using the same expression as in Eq. (4), but with
F ! eFp, and a modified screening function. The screening
function is !2D(q)¼ 1 þ G(q) qTF/q, where G(q)¼ (2g3

þ 3g2 þ 3g)/8 is the form factor with g¼ b/(b þ q) (Ref.
10). The IR-limited mobility thus degrades as the square of
the peak field, lIR !1/Fp

2. The total RT mobility l¼ (lIR
$1

þ lPOP
$1 þ lAP

$1)$1 of the 2DEGs can be calculated by a
combination of polar optical phonon (POP) and acoustic
phonon (AP) and IR scattering using Matthiessen’s rule.10

Very high polarization-induced fields exist in AlN/GaN polar
heterostructures. In such structures, the effect of increased
IR scattering at room temperature reduces an intrinsic pho-
non-limited mobility of !2200 cm2/V(s for Fp¼ 1.8 MV/cm
(ns !1013/cm2) to !1680 cm2/V(s for Fp¼ 5.5 MV/cm (ns
!3+ 1013/cm2). These numbers are in good agreement with
experiments11,12 and indicate the strong mobility degradation
by Stark-effect scattering. In a high electron mobility transis-
tor (HEMT)-type device, the implication is that the electron
mobility will initially increase as the gate pinches off the
channel due to the reduction of IR/Stark scattering but satu-

rate below a certain density due to intrinsic phonon scatter-
ing limitations.

In summary, this letter identifies and quantitatively eval-
uates the effect of Stark-effect scattering in the presence of
an electric field on electron mobility in rough quantum wells.
When the field is small, a perturbative treatment shows that
mobility reduces as lIR ! Lw

6 for thin wells (Lw < Lw
0 ) but

switches over to lIR ! Lw
$6 above this critical width. The

implication is that Stark-effect scattering enforces a window
of QW widths for high mobility. On the other hand, for QWs
where the field is too high to be treated perturbatively (such
as in highly polar AlN/GaN QWs), the IR limited mobility
degrades as the square of the peak electric field (lIR !1/Fp

2)
resulting in low mobilities for high carrier densities. Since
Stark-effect scattering feeds off interface roughness, it can
be reduced by making smoother interfaces. For a given inter-
face roughness, it can be reduced by careful band-diagram
engineering such that the field in the QW or at the hetero-
junction is minimized.
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