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ABSTRACT

We present a unified thermionic emission (TE) and thermionic-field emission (TFE) model for the ideal reverse-bias leakage current
in Schottky junctions. The unified TE–TFE analytical model advances upon previous analytical TFE models by Murphy–Good and
Padovani–Stratton, which are the two most widely adopted models by the community, in two major aspects: (i) the applicability of the TFE
expression therein is extended to near-zero surface electric fields by an error-function correction, allowing for the calculation of the total
current by a nontrivial sum of TE (over-the-barrier current) and TFE (below-the-barrier current) contributions; therefore, an accurate
description of the TE-to-TFE transition region is captured analytically for the first time; (ii) image-force lowering is considered with much-
simpler correction terms. Comparisons with the reference numerical model show that the unified TE–TFE model has excellent accuracy, as
well as a 10 000× reduction in computation time. The unified model is further tested against experimental data from Schottky barrier diodes
based on Si, 4H-SiC, GaN, and β-Ga2O3, revealing accurate extractions of barrier heights and correct descriptions of the ideal reverse
leakage characteristics. With the extended applicable range, improved accuracy, and computational efficiency, the unified TE–TFE model is
highly valuable for the design and analysis of devices based on Schottky junctions, as well as for potential integration in technology
computer-aided design (TCAD) tools.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0070668

INTRODUCTION

The reverse-bias, i.e., leakage, current (JR) in a Schottky junc-
tion bears crucial importance for many device applications. For
example, it can determine the practical blocking voltage of a power
Schottky barrier diode (SBD), especially for wide-bandgap (WBG)
semiconductors.1 It can also induce premature gate breakdown in
metal–semiconductor field-effect transistors (MESFETs) and high
electron mobility transistors (HEMTs)2 and affect the responsivity
of Schottky photodiodes.3 In addition, the ideality of JR provides
important feedback on the interface and material quality.
Therefore, accurate modeling of the ideal JR in Schottky junctions
is precious.

s partly illustrated in Fig. 1, there are three current mecha-
nisms to consider in calculating the ideal leakage current of a SBD

under reverse bias: thermionic emission (TE) that captures the
over-the-barrier current, thermionic-field emission (TFE) that cap-
tures the below-the-barrier tunneling current under low-
to-moderate surface electric fields, and field emission (FE, com-
monly calculated by the Fowler–Nordheim formula, not explicitly
shown in Fig. 1) that captures the below-the-barrier tunneling
current under high surface electric fields. The dominant reverse
leakage mechanism in ideal Schottky junction transitions from TE
to TFE and, finally, to FE, as temperature (T) decreases and/or the
surface electric field (E) at the Schottky interface increases.4 While
a TE model with image-force lowering (IFL) is typically sufficient
for Si SBDs,5 TFE or even FE needs to be considered additionally
in WBG SBDs,1 since the surface electric field can be much higher
than the surface field in Si SBDs.
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Multiple TFE models have been developed in the past, the
ones most widely accepted and used being Murphy–Good4 and
Padovani–Stratton6 TFE models, as well as Hatakeyama and
Shinohe’s simplified TFE model.7 However, as will be discussed
further in the next section, these existing TFE models are not appli-
cable at low surface electric fields, where TE is the dominant
reverse leakage mechanism. Hence, with the existing TE and TFE
models, the total current can only be taken as either the TE current
at low fields or the TFE current at moderate fields where the lower
and upper bounds of the field need to be carefully determined.
Hence, the current where both TE and TFE components are appre-
ciable, i.e., the transition region, cannot be calculated analytically
with high accuracy. In addition, the treatment of IFL in these
models is either too complicated4 or absent.6,7

These deficiencies motivate us to develop a unified TE–TFE
analytical model with the following key features, allowing for the
calculation of the total current by a non-trivial sum of the TE and
TFE currents:

(i) Applicability at near-zero surface electric fields by introduc-
ing an erfc correction.

(ii) Proper treatment of IFL with simpler correction terms by
introducing a single barrier-shape parameter β.

(iii) A typical reduction of 104 in the computation time in com-
parison to numerical calculations.

These features suggest that our unified TE–TFE analytical
model can enable facile and accurate device designs and analysis, as
well as significantly improve the performance of technology
computer-aided design (TCAD) tools.

LIMITATIONS IN EXISTING TFE MODELS

Murphy–Good models

The first comprehensive analytical treatment of all three major
reverse leakage mechanisms (TE, TFE, and FE) was made by
Murphy and Good.4 While Murphy–Good models agree well with
the numerical model,1,8 no solution is provided for the TE–TFE
transition region, where neither the TE nor the TFE model is appli-
cable [see Fig. 1(c) of Ref. 8].

Image-force lowering (IFL) is an important effect on JR. While
IFL is explicitly considered in Murphy–Good models, the image-
force (IF) correction functions are very complicated9 and can only
be determined iteratively in the case of TFE.4

Padovani–Stratton models

Although IFL is considered in Murphy–Good models, the
doping effect in the semiconductor is not included. Padovani and
Stratton derived a TFE model that includes the doping effect;6

however, IFL is not considered. Another limitation of the
Padovani–Stratton model is that it is not applicable at a low surface
electric field/reverse bias, where TE dominates.

Common mistakes in using TFE models

Both Murphy–Good and Padovani–Stratton TFE models are
only applicable within a certain surface electric field (E) range,
necessitating the use of appropriate conditions for both the lower
and upper limits of E. However, they are rarely considered in prac-
tice, especially, the lower E limit. The same applies to Hatakeyama
and Shinohe’s simplified TFE model,7 which is essentially identical

FIG. 1. (a) Trapezoidal barrier approximation used in our new TFE model for
image-force lowering (IFL), involving a single empirical barrier-shape parameter
β. (b) Current density per unit energy (dJ/dE) calculated numerically based on
the accurate barrier potential, showing contributions from both TE and TFE.

TABLE I. Comparison of different models for TFE.

Image-force lowering Applicable at E→ 0 Closed-form expression Doping effecta

Murphy–Good TFE4 Yesb No Yes No
Padovani–Stratton TFE6 No No Yes Yes
TFE w/o IFL7 Noc No Yes No
Numerical model1 Yes Yes No Yes
This work Yes Yes Yes No

aInsignificant below ∼1 × 1018 cm−3.
bComplex IF correction terms.
cEssentially, the Murphy–Good TFE model but without IF correction.
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to the Murphy–Good TFE model with the IF correction terms
neglected (henceforth, also referred to as TFE without IFL).

Another common mistake is the improper consideration of
IFL in the TFE models by replacing fB with fB ! Δf, where fB is
the barrier height and Δf is the IFL. As illustrated in our previous
work,1 this would severely overestimate JR. Such a mistake may be
partially related to the IF correction being either too complicated
(as in Murphy–Good TFE model) or absent (as in Padovani–
Stratton and Hatakeyama–Shinohe TFE models). The limitations
and features of the existing TFE models are summarized in Table I.

UNIFIED TE–TFE MODEL

To avoid the complicated IF correction terms as in the
Murphy–Good TFE model due to the exact form of the IF poten-
tial, we employ a trapezoidal barrier approximation to the accurate
barrier potential for calculation of the TFE current, as shown in
Fig. 1(a). The same with the accurate barrier potential, the trapezoi-
dal barrier has a barrier height of fB ! Δf, where fB is the barrier
height without IFL and Δf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eE/(4πεrε0)

p
is the image-force

lowering, with εr being the relative dielectric constant for IFL. The
trapezoidal barrier can be dissected into two triangular barriers and
one rectangular barrier, for which the Wentzel–Kramers–Brillouin
(WKB) tunneling probabilities all have simple analytical forms.
A single empirical parameter β is used to adjust the barrier shape.
As shown in Fig. 1(a), β is defined as the ratio between xl (the x
coordinate of the interface between the left triangular barrier and
the rectangular barrier) and xr (the x coordinate of the interface
between the right triangular barrier and the rectangular barrier),
where the metal–semiconductor interface defines the origin of the
x axis. By numerically calculating the tunneling current under the
trapezoidal barrier approximation and comparing with the results
without barrier-shape approximation, we confirm this approxima-
tion can reproduce the IFL effect accurately with a proper β value
in most cases (see later discussions).

The tunneling current flux is determined by the Fermi statistics
and the transparency of the tunneling barrier.4,6 As a result, the energy
profile of the tunneling current density per unit energy (dJ/dE) resem-
bles a Gaussian distribution and exhibits a peak at certain electron
energy (E), which we define as E0. In the case of TFE, E0 lies in
between the top of the barrier (efB ! eΔf) and the metal Fermi-level
energy (EFm). As the surface electric field decreases, the barrier
becomes less transparent to tunneling, therefore, E0 increases toward
the top of the barrier and vice versa. In the derivation of the existing
TFE expressions,4,6 the energy profile of dJ/dE is approximated as a
Gaussian distribution, and the upper limit of the integration is extended
to E ¼ þ1. This would necessitate the use of appropriate conditions
for the lower limit of the surface electric field E. Otherwise, the integra-
tion of dJ/dE would artificially include some contributions of the
current from electrons having energies above the top of the barrier.

To properly extend the applicability of the expression for TFE
to near-zero surface electric fields, i.e., E ! 0, without the need of
a condition on the aforementioned lower E limit, the integration of
the tunneling current density per unit energy (dJ/dE) as a function
of electron energy (E) should be limited to below the top of the
barrier, as shown in Fig. 1(b). Apart from the trapezoidal barrier

approximation, this is another important distinction in the deriva-
tion of our new TFE expression.

Main equations

By using the methods described above, we developed a new
expression for the TFE current (JTFE) for the unified TE–TFE
model

JTFE ¼ J0exp
γeΔf
kBT

" #
2

ffiffiffi
π

p
θE

E0

" #
exp

θ2E2

3E2
0

" #
$ 1! 1

2
erfc

θE
2E0

" #$ %
:

(1)

Here, J0 ¼ A*T2exp[!efB/(kBT)] is the saturation current, where
A* is the Richardson constant; E0 ¼ 2

ffiffiffiffiffiffiffiffi
2mt

p
(kBT)

3
2/(e!h) is the char-

acteristic electric field, where mt is the tunneling effective mass; γ
and θ are dimensionless IF correction terms, as defined by

γ ¼ βfB

fB ! (1! β)Δf
(2)

and

θ ¼ 1! βΔf
fB ! (1! β)Δf

, (3)

respectively. The definitions of β, fB, Δf, and E are also illustrated
in Fig. 1(a). The derivation process can be found in the Appendix.

The new JTFE expression in the unified TE–TFE model bears
a similar functional form with the Murphy–Good TFE model
[Eq. (75) in Ref. 4] but with two major differences: (i) the afore-
mentioned integration limit leads to an additional erfc correction
term; (ii) γ and θ are the new IF correction terms, both of which
have significantly simpler form and are basic functions of β. When
Δf is not significant compared with fB, γ is approximately equal
to β as from Eq. (2). On the other hand, the definition of θ arises
from the reduced electric field due to the electric field associated
with the left triangular barrier [see the Appendix and Fig. 1(a)].
Consequently, we have γ % β , 1 and θ , 1. Since γ directly acts
on the exponential term due to IFL in Eq. (1), the direct impact of
Δf on TFE is smaller than on TE. In addition, as θ , 1 acts on the
surface electric E, the effect of IFL on the electric-field dependence
is further damped, highlighting the importance of a proper treat-
ment of IFL in calculating the TFE current.

When IFL is ignored or not considered, both β and Δf
should be set to zero. In this case, the new JTFE expression reduces
to Hatakeyama–Shinohe simplified TFE model [Eq. (3) in Ref. 7],
i.e., the TFE without IFL model referred in this work, except for
the erfc correction, which simplifies to 1! (1/2)erfc[E/(2E0)]
under no IFL. It should be noted that the erfc correction is present
irrespective of IFL or the trapezoidal barrier approximation we
used, thus should be always included. This is one of the major con-
tributions from this work.

Since the new JTFE expression with the erfc correction only
considers the below-the-barrier tunneling current and thus is appli-
cable at near-zero surface electric field (E ! 0), the total reverse
leakage current in the TE and TFE regime is simply a sum of the
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TFE current (below-the-barrier current only) and the TE current
(JTE, over-the-barrier current only), i.e.,

JR ¼ JTE þ JTFE , (4)

where JTE is given by the familiar expression

JTE ¼ J0exp
eΔf
kBT

" #
: (5)

We emphasize that Eq. (4) is not trivial, as previous TFE
models are never meant to/should not be used in conjunction with
the TE model due to the inapplicability at near-zero surface electric
fields. It is only after our introduction of the erfc correction in
Eq. (1) that the TE current can be added to the TFE current.

Empirical compact model for the barrier-shape
parameter β

The barrier-shape parameter β controls the transparency of
the tunneling barrier seen by the tunneling electrons, thus can fine-
tune the effect of IFL in the new TFE expression [Eq. (1)].
The optimum values of β are first obtained from optimization
against the reference numerical model. As described in Ref. 1, the
reference numerical model is based on numerical calculation of
the WKB tunneling probability across the Schottky barrier consid-
ering the accurate barrier potential under image-force lowering
[Fig. 1(a)]. Figure 2 shows the optimum values of β, which is pri-
marily a function of εr, mt and fB. Under a stronger effect of IFL,
a larger β is needed. Correspondingly, β increases with decreasing
εr. Similar, as the relative effect of IFL on a small barrier height is
larger than on a large barrier height, β increases with decreasing
fB. The dependence of β on mt is less intuitive. As mt decreases,
the electron energy E0 at the peak value of dJ/dE decreases toward
the Fermi-level energy EFm, thus the effect of IFL is reduced.
Therefore, β decreases with decreasing mt, as shown in Fig. 2(a).

The dependence of β on εr, mt, and fB is found to be nearly
uncorrelated, thus a simple empirical expression for β is obtained.
With the introduction of a dimensionless barrier height parameter
ΦB ¼ fB/1 V, the empirical expression for β is given by

β(εr, ΦB, mt) ¼ min AεBr exp[C $ (lnεr)2]
mt

0:3m0

" #η0

, 1
& '

, (6)

where

A(ΦB) ¼ a0Φ
a1
B exp[a2(lnΦB)

2] , (7)

B(ΦB) ¼ b0 þ b1ΦB þ b2Φ2
B , (8)

C(ΦB) ¼ c0 þ c1ΦB : (9)

The parameter set (a0, a1, a2, b0, b1, b2, c0, c1, η0, total of 9
parameters) is obtained from fitting the empirical expression
[Eqs. (6)–(9)] to the optimum values of β, as summarized in

FIG. 2. Optimum β values as a function of (a) the tunneling effective mass (mt )
and (b) the relative dielectric constant (εr ).

TABLE II. Parameter set of the empirical compact model for the barrier-shape
parameter β.

a0 a1 a2 b0 b1 b2

0.7519 −0.4214 −0.0456 −0.2719 −0.0059 −0.0011

c0 c1 η0

−0.0233 0.0023 … 0.1724 … …

FIG. 3. Verification of the unified model against the reference numerical
model.1 Excellent agreement is achieved throughout the entire TE and TFE
regimes.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 131, 015702 (2022); doi: 10.1063/5.0070668 131, 015702-4

Published under an exclusive license by AIP Publishing

https://aip.scitation.org/journal/jap


Table II. Very good match between the optimum β values and the
empirical expression is obtained throughout an entire range of
εr [ [1, 50], fB [ [0:6, 6V], and mt/m0 [ [0:05, 1], as partially
illustrated in Fig. 2. With the parameter set determined and veri-
fied, Eqs. (6)–(9) serve as a compact model for β.

For fB , 0:6V, we found that the compact model for β
becomes less accurate with respect to the optimum β values.
However, these less accurate β values impart no appreciable impact
on the accuracy of JR, thus the compact model for β is still applica-
ble under fB , 0:6V. Similarly, the applicable tunneling effective
mass can be extended to <0.05 m0, and the applicable εr can be
extended to þ1.

Consequently, the applicability range of the compact model for
β is εr [ [1, þ1), fB [ (0, 6 V] and mt/m0 [ (0, 1]. Outside of
this range, the compact model can still be used; however, the accu-
racy of the calculated JR may decrease. We will discuss the accuracy
of JR in a later section.

Conditions for the upper limit of E

When the surface electric field E increases beyond a certain
value, TFE transitions into FE, at which point the TFE model is no
longer valid. Therefore, it is important to find conditions for the
upper E limit (Eu,lim) of TFE. By using the method described in
Ref. 4, we derived the conditions for Eu,lim of the unified TE–TFE
model (see the Appendix for the derivation), which is imparted by
the applicability conditions of the new JTFE expression [Eq. (1)]

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1! 3aEbE

p

3bE

" #2

þ 3bE
2

t
1
2
F þ

aE
2
t
!1

2
F ! 1

" #!1

, tF ! 1 (10)

and

3bE
2

t
1
2
F þ

aE
2
t
!1

2
F ! 1 . 0 , (11)

where the abbreviations are defined as

aE ¼ (1! β)
eΔf
kBT

" #
E0
E
, (12)

bE ¼ 2
3θ

E0
E

" #
, (13)

tF ¼
e(fB ! Δf)

kBT
: (14)

These conditions are found to yield near-identical values of
the upper E limit compared with those calculated from the upper E
limit condition in the Murphy–Good TFE model [Eq. (69) in
Ref. 4].

FIG. 4. The maximum log error (j20log10(JR/JR,ref )j) relative to the reference
numerical model (JR,ref ) at (a) εr ¼ 10 and (b) εr ¼ 2. The unified TE–TFE
model (solid circles) shows significantly better accuracy than either the TE
model alone (hollow triangles) or the unified model itself but without IFL, i.e.,
β ¼ 0 and Δf ¼ 0 (solid squares). mt ¼ 0:3 m0; the erfc correction is also
applied to the TFE without IFL for best accuracy.

TABLE III. Accuracy of the unified model under different conditions with respect to the reference numerical model, evaluated within a temperature range of [300, 700 K] and
an electric-field range of (0, Eu,lim].

Minimum εr Maximum mt/m0 Maximum fB (V) Accurate to within a factor of Maximum log error (j20 log10(JR/JR,ref )j) (dB)

10 4 2 1.9 5.8
5 3.5 2 2.0 6.0
5 1 2.5 2.3 7.3
5 1 3 2.8 8.8
2 0.6 2 2.0 6.0
2 1 2.5 2.6 8.2
2 1 3 3.4 10.5
1 1 3 4.2 12.6
1 1 5 9.5 19.5
1 1 6 14.7 23.4
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For simplicity, a relaxed condition is also derived,

E
E0

,

ffiffiffiffiffiffiffiffi
efB

kBT

r
: (15)

This expression is identical to Padovani and Stratton’s condi-
tion.6 It can be shown that Eq. (15) slightly overestimates the upper
limit of E in comparison with the rigorous conditions [Eqs. (10)
and (11)].

VALIDATION OF THE UNIFIED TE–TFE MODEL

To verify the accuracy of the unified TE–TFE model
[Eqs. (1)–(14)], we calculate JR as a function of the surface electric
field E and temperature T within E [ (0, Eu,lim] and compare the
results with the values obtained from the reference numerical
model (JR,ref ).

1 It can be seen from Fig. 3 that the unified model
not only exhibits excellent agreement with the reference numerical
model but also covers the entire TE/TFE regime, including the
transition region, where the transition electric field resides.8 The
calculations from TFE without IFL, i.e., Hatakeyama and Shinohe’s
simplified TFE model,7 are also shown as a comparison, highlight-
ing the importance of IFL. A full comparison with other models is
summarized in Table I. Although the present model neglects the
doping effect, it is still broadly applicable, especially for high-
voltage devices, since the doping effect is found to be insignificant
for net doping concentrations lower than ∼1 × 1018 cm−3.

To quantify the accuracy of the unified TE–TFE model, the
maximum log error with respect to the reference numerical model
(j20log10(JR/JR,ref )j) is calculated within the entire applicable range

of the surface electric field, i.e., E [ (0, Eu,lim]. The results are
shown in Fig. 4 as a function of the barrier height. The unified
model has much smaller errors than either the TE model alone or
the unified model itself but without IFL (β ¼ 0 and Δf ¼ 0), espe-
cially when IFL is prominent as in the case of a small εr. We found
that the log error is larger with smaller εr, larger mt, and larger fB.
Specifically, within a parameter space of εr & 2, mt/m0 ' 0:6,
fB ' 2V, and a T range of 300–700 K, which encompass the
common scenarios of most semiconductor SBDs, the unified model
is accurate to within a factor of 2 (6 dB).

FIG. 7. Analysis of near-ideal reverse leakage characteristics in β-Ga2O3
SBDs.8 ND ! NA is extracted from capacitance–voltage (C–V) profiling in
Ref. 8; A( and mt are based on the experimentally measured electron effective
mass;21 εr is taken from Ref. 22. The extracted barrier heights agree well with
values obtained from forward I–V and C–V methods.

FIG. 6. Analysis of near-ideal reverse leakage characteristics at room tempera-
ture in GaN SBDs with different Schottky metal contacts.12 ND ! NA is taken
from Fig. 1(b) in Ref. 12; A( and mt along the (0001) direction are calculated
based on the methods in Ref. 15 by using the effective mass value in Ref. 19;
εr is taken from Ref. 20. The extracted barrier heights agree well with values
obtained from forward I–V and Internal Photoemission (IPE) methods.12

FIG. 5. Analysis of near-ideal reverse leakage characteristics in 4H-SiC SBDs11

using the unified TE–TFE model, with the barrier height as the only fitting
parameter (the same for Figs. 6–8). The net doping concentration ND ! NA is
calculated based on the estimated surface electric field of 1.35 MV/cm at 600 V
reverse bias.11 The Richardson constant A( and the tunneling effective mass mt
along the (0001) direction are calculated based on the methods in Ref. 15 by
using the theoretical effective mass tensor in Ref. 16. These values agree with
those used in Ref. 17. The relative dielectric constant εr is based on the values
from Refs. 17 and 18. The extracted barrier height values agree well with extrac-
tion from forward current–voltage (I–V) characteristics.
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We also calculated the accuracy of the unified TE–TFE model
within multiple other parameter spaces in an effort to cover differ-
ent scenarios of TE/TFE as much as possible. The results are sum-
marized in Table III. It is worth noting that the unified model can
even be applied to TE and TFE of metals to vacuum (εr ¼ 1,
mt/m0 ¼ 1, 2V ' fB ' 6V),10 although the accuracy is worse
than typical cases of semiconductor SBDs.

APPLICATION TO EXPERIMENTAL DATA

The accuracy and applicability of the unified model are further
tested by fitting to the experimental data on near-ideal SBDs. First,
we perform the fitting on wide-bandgap SBDs based on 4H-SiC11

(Fig. 5), GaN12 (Fig. 6), and β-Ga2O3
1,8 (Figs. 7 and 8). The barrier

height is used as the only fitting parameter, while all other parame-
ters are determined from either independent experiments or theoreti-
cal calculations. The dielectric constants for IFL are assumed to be
identical to the static values. This assumption is found to be valid in
Si13 but requires further scrutiny otherwise.14

In general, we find excellent agreement between the experi-
mental data and the unified model on moderately doped WBG
materials, as shown in Figs. 5–7. The extracted barrier heights are
closely matched with values obtained from other methods.
Furthermore, the transition between TE and TFE dominated
regimes is well captured by the unified model, highlighting the
power of the unified TE–TFE model, which was made possible by
the usage of the erfc correction to the TFE expression. There exists
a slight deviation in the 100 °C experiment data from the model at
a high surface electric field in Fig. 7. It is due to the residue edge
leakage current not fully suppressed by the field plate of the device
(see discussions in Ref. 8).

For heavily doped materials (Fig. 8), the agreement between
the experimental data and the unified model is still very good.
However, the extracted fB values are slightly higher than the values
from other extraction methods due to the doping effect, which is
not considered in the unified TE–TFE model presented here. It is
worth noting that the experimental data were measured to surface
electric field values higher than the upper E limit (Eu,lim) of TFE
[Eqs. (10)–(14)]. Thus, the unified model is only able to fit to the

FIG. 8. Analysis of near-ideal reverse leakage characteristics in β-Ga2O3 SBDs
with a high net doping concentration.1 ND ! NA is extracted from C–V profiling
in Ref. 1; A( and mt are based on the experimentally measured electron effec-
tive mass;21 εr is taken from Ref. 22. The extracted barrier heights are slightly
higher than from other methods due to the doping effect, which is not consid-
ered in the unified TE–TFE model.

FIG. 9. Analysis of near-ideal reverse leakage characteristics in Si SBDs:23 (a) reverse leakage current vs reverse bias; (b) reverse leakage current vs surface electric
field. The net doping concentration (3.5×1015 cm−3), the effective Richardson constant (112 A/cm2 K2), and the barrier height value (0.55 eV) are all adopted from Ref. 23.
The effects of optical photon scattering and quantum-mechanical reflection are considered in the calculation of the effective Richardson constant.23 εr for IFL is taken to
be 11.7, the same as the static value, while the tunneling effective mass along the [111] transport direction is calculated to be 0:26 m0 according to Ref. 15. Therefore, no
fitting is involved in the calculations.
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range of surface electric field within (0, Eu,lim], beyond which field
emission models should be used.

It is important to note that the applicability of the unified TE–
TFE is not limited to SBDs based on WBG materials. To illustrate
this, we performed data analysis using the unified TE–TFE model on
near-ideal Si SBDs,23 as shown in Fig. 9. Here, to accurately capture
the voltage-dependence of the saturation current J0 in the low
reverse bias (VR) region, the familiar factor [1! exp(!eVR/kBT) ] is
applied to J0 in the unified TE–TFE model.23 As this factor quickly
approaches unity when VR is beyond a few times the thermal voltage
kBT/e, it is generally neglected, especially, in the case of WBG SBDs,
where the breakdown voltage is typically more than two orders of
magnitude higher than the thermal voltage.

It can be seen that the unified TE–TFE model again shows
excellent agreement to the reverse leakage characteristics on Si
SBDs. Although not the dominant process, the incorporation of the
TFE contribution in the unified model facilitates better agreement
with experimental data compared with TE model alone, without
needing to invoke an additional barrier lowering mechanism due to
surface dipole.23 Beyond a reverse bias of ∼30 V or a surface electric
field of ∼0.18MV/cm, the deviation between the unified TE–TFE
model and the experimental data is largely due to the initiation of
avalanche multiplication due to impact ionization.23

CONCLUSIONS

A unified TE–TFE analytical model, TE for over-the-barrier
current and TFE for below-the-barrier current, is developed
for the ideal Schottky reverse leakage current for the first time
[Eqs. (1), (4) and (5)]. The unified TE–TFE analytical model
allows one to simply sum the TE and TFE current contributions
[Eq. (4)] to calculate the total current. The new TFE model
therein [Eq. (1)] possesses two unprecedented features: much
simplified image-force correction terms and applicability at
near-zero surface electric field, which are enabled by a single
empirical barrier-shape parameter β and an error-function cor-
rection, respectively. A simple compact model for β is provided
[Eq. (6)], valid for a wide range of material parameters:
εr [ [1, þ1), fB [ (0, 6V], and mt/m0 [ (0, 1].

The unified TE–TFE model is verified against numerical
calculations across a wide temperature range of 300–700 K and
the entire applicable range of the surface electric field, i.e.,
E [ (0, Eu,lim], with Eu,lim being the upper E limit of the TFE
regime [Eqs. (10) and (11)]. An accuracy of a factor of 2 or better
is confirmed in all common cases of semiconductor SBDs. Fitting
against experimental data on Si, 4H-SiC, GaN, and Ga2O3 SBDs
shows excellent accuracy across the entire TE and TFE regime—a
feat not possible with the existing TFE models prior to this work.
In addition, we find that the unified TE–TFE model shows a
104-fold reduction in typical computation time compared with the
numerical model.1 These features make the unified TE–TFE model
highly valuable for the design and analysis of a variety of devices
based on Schottky junctions. Finally, the unified TE–TFE model
can be implemented easily in TCAD tools due to the absence of
nonlocal dependence on the electric field. Consequently, one can
anticipate significant advantages in both computational efficiency
and convergence against typical nonlocal tunneling models.
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APPENDIX: DERIVATION OF THE NEW TFE
EXPRESSION UNDER TRAPEZOIDAL BARRIER
APPROXIMATION

The barrier tunneling current under reverse bias is given by4,8

JBT ¼ A*T
kB

ðef0
B

!1
T (E) $ ln 1þ exp ! E ! EFm

kBT

" #$ %
dE , (A1)

where T (E) is the tunneling probability, E is the electron energy
incident on the barrier (i.e., with the transverse kinetic energy
excluded),4 EFm is the metal Fermi-level energy, and f0

B ¼ fB ! Δf
is the barrier height under image-force lowering. Equation (A1) only
considers electron tunneling from the metal to the semiconductor
and neglects that from the semiconductor to the metal. This is a
valid assumption when the reverse bias is beyond a few times the
thermal voltage kBT/e. With our trapezoidal barrier approximation,
the tunneling barrier can be dissected into a left triangular barrier, a
rectangular barrier, and a right triangular barrier [Fig. 1(a)], for
which the WKB tunneling probabilities [T 1(E), T 2(E), and T 3(E),
respectively] all have simple analytical forms,

T 1(E) ¼ exp ! 4
ffiffiffiffiffiffiffiffi
2mt

p

3eEl!h
(ef0

B ! E)
3
2

$ %
, (A2)

T 2(E) ¼ exp ! 2
ffiffiffiffiffiffiffiffi
2mt

p
(xr ! xl)
!h

(ef0
B ! E)

1
2

$ %
, (A3)

T 3(E) ¼ exp ! 4
ffiffiffiffiffiffiffiffi
2mt

p

3eE!h
(ef0

B ! E)
3
2

$ %
, (A4)

where El ¼ fB!Δf
xl

is the electric field associated with the left triangu-
lar barrier. T (E) is simply the product of the three individual
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probabilities

T(E) ¼ T 1(E) $ T 2(E) $ T 3(E) : (A5)

In the TFE regime, E ! EFm . kBT , thus ln 1þ exp ! E!EFm
kBT

) *h i

% exp ! E!EFm
kBT

) *
. Define t ¼ ef0

B!E
kBT

as a unitless representation of the

electron energy, θE ¼ EEl
EþEl

as the reduced surface electric field consid-
ering the effect of El, and use Eqs. (A1)–(A5), we get the expression of
the TFE current

JTFE ¼ A*T2exp ! ef0
B

kBT

" # Ðþ1
0 exp !bEt

3
2 ! aEt

1
2 þ t

, -
dt , (A6)

where aE and bE are defined in Eqs. (12) and (13), respectively. As dis-
cussed in Murphy and Good’s work,4 the integral can be approxi-
mately evaluated by the expansion of the first and second terms in the
exponent to the second order about the peak of the integrand t0.
The integrand then becomes

exp[!C0 ! C1(t ! t0)! C2(t ! t0)
2 þ t] , (A7)

where

t0 ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1! 3aEbE

p

3bE

" #2

, (A8)

C0 ¼ bEt
3
2
0 þ aEt

1
2
0
, (A9)

C1 ¼
3bE
2

t
1
2
0 þ

aE
2
t
!1

2
0 , (A10)

C2 ¼
3bE
8

t
!1

2
0 ! aE

8
t
!3

2
0 : (A11)

It can be shown that t0 increases with increasing surface elec-
tric field E. This corresponds to the actual electron energy at the
peak tunneling current flux decreasing with increasing surface elec-
tric field E, an expected trend. Let t0 ¼ t ! t0, the expression of the
TFE current then becomes

JTFE ¼ A*T2exp ! ef0
B

kBT

" #
exp t0 ! C0 þ

(C1 ! 1)2

4C2

$ %

)
ðþ1

!t0
exp !C2 t0 þ C1 ! 1

2C2

" #2
" #

dt0: (A12)

One can recognize the integral as a Gaussian integral.
In Murphy–Good and Padovani–Stratton’s treatments,4,6 the lower
limit of the integral is extended to !1. This will artificially include
some extra contribution to the tunneling current from electrons
having energies above the top of the barrier, necessitating careful
calculation of the lower limit of the surface electric field when
using these existing TFE models. To avoid this, we retain the lower
limit of the integral (!t0) throughout the evaluation of the integral.

This is equivalent to retaining the upper limit of integral (ef0
B) in

the original expression [Eq. (A1)], ensuring that only below the
barrier tunneling flux is included and improving the accuracy of
the model at near-zero surface electric fields.

Expanding the expressions of t0, C0, C1, and C2 in terms of
3aEbE and neglecting higher order terms, Eq. (A12) can be evalu-
ated, and the final result is Eq. (1). Note that the error-function
correction in Eq. (1) is directly resulted from retaining the lower
limit of the integral (!t0) in Eq. (A12).

Strictly speaking, the expansion of t0, C0, C1, and C2 in terms
of 3aEbE requires that 3aEbE , 1, which would eventually fail
when the surface electric field E approaches zero since 3aEbE goes
as E!3/2. However, this does not present any difficulty in the final
expression since Eq. (1) is well-behaved at E ! 0. Furthermore, we
find that the total reverse leakage current (JTE þ JTFE) calculated
with our new TFE expression agrees well with the reference numer-
ical model across expansive parameter spaces (see discussions on
the accuracy of the unified TE–TFE model). This is because the
thermionic emission current dominates the total reverse leakage
current at the near-zero electric field. Consequently, the applicabil-
ity of our new TFE expression can be safely extended to the near-
zero electric field when used in conjunction with the TE model as
in the unified TE–TFE model.

Finally, we discuss the derivation of the conditions for the
upper limit of the surface electric field [Eqs. (10)–(14)]. At suffi-
ciently high surface electric field, t0 approaches the Fermi-level

energy tF ¼ ef0
B

kBT

) *
, at which point the approximation of Fermi–

Dirac statistics with Maxwell–Boltzmann statistics would eventually
fail. Following the method in Ref. 4, we expand the first and second
terms in the exponent in Eq. (A6) to linear terms about the
Fermi-level energy tF such that the entire exponent of the integrand
becomes

!C0,F ! C1,F(t ! tF)þ t /!(C1,F ! 1)t , (A13)

where

C0,F ¼ bEt
3
2
F þ aEt

1
2
F
, (A14)

C1,F ¼
3bE
2

t
1
2
F þ

aE
2
t!

1
2

F : (A15)

To ensure that the integrand exponentially decays and
becomes no longer appreciable at E ! EFm ¼ kBT , i.e., t ¼ tF ! 1,
we have

t0 þ (C1,F ! 1)!1 , tF ! 1 (A16)

and

C1,F . 1 : (A17)

After plugging in Eqs. (A14) and (A15), we get the final
conditions for the upper limit of the surface electric field
[Eqs. (10)–(14)]. If image-force lowering is ignored and Eq. (A16)
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is simplified to t0 , tF , the simplified relaxed condition [Eq. (15)]
is arrived.
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